
PHYSICAL REVIEW D, VOLUME 59, 085006
Geometrical aspects of chiral anomalies in the overlap
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~Received 2 March 1998; published 18 March 1999!

The set of one dimensional lowest energy eigenspaces used to construct the overlap induces a two form on
gauge orbit space which is the locally exact curl of Berry’s connection. If anomalies do not cancel, examples
of two dimensional closed submanifolds of orbit space are produced over which the integral of the above two
form does not vanish. Based on these observations, a natural definition of covariant currents is obtained, a
simple way to calculate chiral anomalies on the lattice is found, and indications for how to construct an ideal
regularization of chiral gauge theories are seen to emerge.@S0556-2821~99!00808-5#

PACS number~s!: 11.15.Ha, 11.30.Rd
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I. INTRODUCTION

In the continuum, on a compact Euclidean space-ti
manifold, chiral anomalies can be understood and evalu
from solely geometric considerations@1#. On a finite lattice it
would appear that these insights have to be lost, being so
how restored in the continuum limit. In this paper the over
will be shown to provide a geometrical interpretation f
chiral anomalies directly on lattices approximating a co
tinuum torus. With this understanding it will become clea
why theories where anomalies cancel between different m
tiplets are fundamentally different in the overlap approa
from those where the anomalies do not cancel. This ins
holds directly on the lattice and does not appeal to c
tinuum physics or perturbative concepts.

The essence of the overlap@2,3,4,5# is the association o
the continuum chiral determinant, viewed as a line bun
over the space of gauge field configurations factored
gauge transformations, with a line bundle of ground state
a certain bilinear fermionic Hamiltonian over the space of
compact link variables factored by lattice gauge transform
tions. ~More precisely, the lattice complex line bundle co
sists of a collection of projections of the ground states alo
a fixed vector, denoted byuv1& in Appendix A.! This asso-
ciation is imperfect because the space of gauge orbits in
continuum is disconnected while the analogous space on
lattice is connected. This imperfection is reflected by
need to excise from the space of lattice gauge orbits those
which the dimensionality of the ground state eigenspace
ceeds unity because of accidental degeneracies. The s
excised configurations has zero weight in the measure
duced by the Haar volume element per link and per site
link parallel transporters and for gauge transformations,
spectively. The excised configurations are ‘‘exceptional’’
the sense adopted in early studies of gauge field topolog
the lattice@6#. The removal of the exceptional configuratio
leaves behind a space of lattice gauge orbits that no long
connected, but the number of components if finite.

The chiral determinant vanishes over all connected co
ponents of the space of lattice orbits except one. The Ha
tonians commute with fermion number and the fermion nu
ber of uv1& is definite. Thus, the projection alonguv1&
vanishes whenever the ground state has a fermion num
different from that ofuv1&. In any construction of chira
0556-2821/99/59~8!/085006~11!/$15.00 59 0850
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gauge theories one first focuses on the one component w
the chiral determinant does not vanish. This component
connected, continuous space of gauge orbits and this wo
restricted to it. To define the chiral determinant for the
backgrounds a smooth section of the line bundle of projec
vacuum eigenspaces would be needed.

We shall find two kinds of obstacles to the construction
a gauge invariant chiral determinant: the first consists of
structions which need to mutually cancel and the second
residue remaining after the cancellation. Both obstacles
be understood in the framework of Berry’s phase@7#. The
basic object will be a two form over the space of gau
potentials, which is locally exact and given by the curl
D j , the difference between the covariant and the consis
currents@8#. This Abelian curvature plays a central role al
in other regularizations of the chiral gauge theories@10#, but
in the overlap it acquires a simple geometrical interpretati
becoming Berry’s curvature for a certain line bundle.

As usual, instead of working over the space of orbits
start by working over the space of gauge connections, or
variables. Obstructions tell us that factoring by gauge tra
formations would not produce single valued functions ov
the space of orbits. In Sec. II we show that the usual defi
tions of the consistent and covariant currents@8#, j cons, j cov

and D j are consistent withj cons being the variation of the
lattice overlap with respect to the gauge field andD j being
Berry’s connection associated with a certain set of finite v
tors uv& parametrized by the gauge fields@9#. We then pro-
ceed to show that Berry’s curvaturedD j is a nonperturba-
tively, gauge invariantly regularized version of th
antisymmetric two formZ(d1A,d2A,A) of @10#. In Secs. III
and V we show in dimensions 2 and 4 that the known c
tinuum expressions forZ(d1A,d2A,A) can be determined
directly from Berry ‘‘monopole’’ singularities. In Sec. IV it
is shown that in a certain two dimensional case, for wh
anomalies cancel, the remaining lattice artifact terms
Z(d1A,d2A,A) can be diminished by smooth deformatio
of the constructions of theuv& line bundle. If anomalies do
not cancel no such deformations can affect a certain com
nent of the total curvature; this is the component that s
vives in the continuum but it separates cleanly from the ot
contributions, already on the lattice. In Sec. VI the usu
Brillouin-Wigner ~BW! phase choice is shown to also po
sess a certain geometrical meaning. It is suggested that
©1999 The American Physical Society06-1
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HERBERT NEUBERGER PHYSICAL REVIEW D59 085006
insight explains why the BW phase convention turned ou
obey several desirable symmetries@3#. Several conclusions
and conjectures are described in Sec. VII. Appendix A c
tains a definition of the lattice overlap in any even dime
sion. Appendix B clarifies the compact notation of Sec. II
the lattice context.

Let me briefly discuss the generality of the results: Se
III through V deal with Abelian gauge backgrounds. T
results of Secs. III and V extend to the non-Abelian case
embedding. Section IV presents an explicit Abelian exam
of an improved choice of Hamiltonians. It demonstrates t
by identifying the ‘‘monopole’’ sources of anomalies in st
tistically important backgrounds, one can reduce lattice a
facts in anomaly free cases. While the example is abelian
two dimensional, the principle behind it is general and a
plies to any even dimension and any compact gauge gr
The principle is explained in Sec. II.

II. D j AND BERRY’S PHASE IN THE OVERLAP

This section has two parts. In the first I review the co
cepts of covariant and consistent currents in the continu
and introduce a compact notation to emphasize the essen
of the structures. In the second part I describe lattice obj
corresponding to the continuum currents of the first part.

A. Continuum

Since our independent variables are the continuum ga
fields I find it easier to start by choosing a notation th
makes this obvious: Replace the fieldsAm

a (x) by real coor-
dinatesja . The indexa takes all the values taken by th
triplet (m,a,x). An infinitesimal gauge transformation is pa
rametrized by a function of the pair~a,x!, and will be de-
noted byv i , where i replaces~a,x!. The consistent curren
~to be defined below! is a functional of the gauge field,
function ofx and has components labeled bym anda. It will
be denoted byj a

cons(j). Clearly, it can be viewed as a on
form j cons5 j a

consdja over the space coordinatized by theja .
Under a finite gauge transformationg, our coordinatesja get
replaced by (jg)b :

~jg!b5hb~g!1Dab
21~g!ja . ~2.1!

The first term is an inhomogeneous global shift and the s
ond is a homogeneous linear transformation. The equatio
nothing but the usual gauge transformation. We shall o
need it for small variationsdj, where the inhomogeneou
term drops out. We have

]

~jg!a
jb5Dab~g!, ~2.2!

whereDab(g) is real.
A gauge invariant functionI (j) obeys

I ~j!5I ~jg!. ~2.3!

Functionsca(j) @a one formca(j)dja# that transform as
the gradient]aI (dI), are said to transform covariantly:
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ca~jg!5Dab~g!cb~j!. ~2.4!

The matricesDab(g) represent the action of a gaug
transformationg on theca(j) objects in a covariant manne

Associated with the HamiltonianH2 ~see Appendix A! is
a Hilbert space of finite dimension,V, providing a Fock rep-
resentation for a set of canonical fermionic creation and
nihilation operatorsa,a†. Gauge transformationsg are uni-
tarily represented on this Hilbert space byG(g) in a ja
independent way.

Let us assume now that we have a regularization t
produces a chiral determinantD(j). The consistent curren
is defined by

j a
cons~j!5]a logD~j!. ~2.5!

Consistency@8# simply means

]b j a
cons5]a j b

cons, ~2.6!

or

d jcons50, ~2.7!

as j cons5d logD(j).
An infinitesimal gauge transformation acts on functions

ja in a way dictated by the form of (jg)a @Eq. ~2.1!#,

] i5~Xia1Yiabjb!]a ~2.8!

with j-independentX andY. Y comes from the linear part o
D expanded aroundg[1 and proportional tov i . Hence
~@8#!

]a] i2] i]a5Yiba]b , ~2.9!

which implies

]a~] i logD !2] i j a
cons5Yiba j b

cons. ~2.10!

The infinitesimal form of Eq.~2.4! is ] ica1Yibacb50. If
anomalies are absent,j a

cons transforms covariantly becaus
] i logD50, theY implementing the familiar commutator. A
nonvanishing anomaly implies a noncovariant transformat
law for the consistent current in the nonsinglet, non-Abel
case. Bardeen and Zumino~BZ! @8# show by explicit con-
struction that there always exists a one formD j , polynomial
~in j!, local in space-time, such thatj cons1D j transforms
covariantly.

In summary, the anomalous, non-Abelian situation in
continuum is as follows: There are two currents,j cons and
j cov. j cov is not the variation of any function, but is gaug
covariant.j cons is the derivative of a function~the regulated
chiral determinant! but is not gauge covariant. Givenj conswe
could reconstruct the regulated determinant, but the lack
gauge covariance ofj cons makes the reconstructed functio
break gauge invariance. When anomalies cancelj cons and
j cov are equal. In that case the total reconstructed determi
is gauge invariant. So, when we go to the lattice, we sho
focus our attention onD j , the difference betweenj cons and
j cov. We wish to understand on the lattice directly why in t
6-2
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GEOMETRICAL ASPECTS OF CHIRAL ANOMALIES IN . . . PHYSICAL REVIEW D 59 085006
anomalous case it is unavoidable thatD j Þ0. Then, we wish
to see that when anomalies cancel it no longer is unavoid
that D j Þ0. To makeD j 50 one would need to tune th
lattice overlap Hamiltonian matrices~for definitions see Ap-
pendix A!. I present an argument that the obstruction p
venting D j 50 on the latticein the anomalous case disa
pears if thecontinuum algebraic conditionsfor anomaly
cancelation hold. The argument is geometrical, goes to
heart of the matter, and is supported by Abelian examples
the Abelian case the compactness of the group is crucia

B. Lattice

On the lattice, in a nonperturbative framework, at a fin
cutoff, with compact gauge fields,D j will not be polynomial
and one does not regularize just thevariation of the chiral
determinant, as is sometimes done in the continuum@10#; the
determinant itself is regularized. One way or another, wh
defining the chiral determinant, one always deals with a
terminant line bundle over the space ofj’s ~before attempt-
ing to factor out gauge transformations!. The overlap is no
exception, only now one has one dimensional spaces tha
naturally embedded in one common larger space. This all
us to compare the one dimensional spaces over diffe
pointsj. Therefore, one has a natural split of the variation
a vector atj induced by deformingj to j1dj: one part of
the variation is the ‘‘real’’ change in the spaces spanned
each vector and the other is the ‘‘irrelevant’’ change alo
the fibers.

Since^v1u is taken to bej independent~see Appendix A!
the variation of the regulated chiral determinant is direc
related to the variation of a vector inV:

d^v1uv2&5^v1udv2&. ~2.11!

Henceforth we shall suppress the subscript minus and s
replaceuv2& by uv&. ~Similarly, the Hamiltonian superscrip
will be dropped.! The split we described earlier is

]auv&5~]auv&)'1uv&^vu]auv&, ~2.12!

where ^vu@(]auv&)'#50 sinceuv& is normalized by defini-
tion.

This split was noted already in@11#, but the roles of the
two terms were misidentified, based on an example calc
tion that turned out to be wrong, producing an incorre
coefficient.1 This error precluded further development unt
about one year ago, Randjbar-Daemi and Strathdee@5#, start-
ing from scratch arrived at the same split, but this time c
rectly identified the roles of the pieces.2 The first term in Eq.
~2.12!, measuring the distance between the spaces, co
sponds toj cov, the covariant form of the current. The seco
term givesD j . ~Obviously, the sum givesj cons.)

1Equation 3.70 in Ref.@11# has the wrong overall sign and the fir
term in the round brackets should be deleted.

2They also computed various quantities, including the aforem
tioned coefficient; their Eq.~24! provides a correct replacement fo
Eq. 3.73 in@11#.
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Let me first show explicitly thatj cov so identified indeed
transforms covariantly. Underj→jg, a replacement of the
parameters in]aH, we have

H~jg!5G†~g!H~j!G~g!, ~2.13!

leading to

~]aH!~jg!5Dab~g!G†~g!~]bH!~j!G~g!. ~2.14!

The symbolsj, a, ]a , are natural generalizations of the
continuum counterparts in the previous subsection. Rea
who find this confusing are referred to Appendix B. Ordina
perturbation theory tells us that

~]auv&)'~j!5
1

H~j!2E0~j!
uw~j!&, where

uw~j!&[@^v~j!u]aH~j!uv~j!&2]aH~j!#uv~j!&.
~2.15!

The above formula is well defined since^v(j)uw(j)&50.
Now, Eq. ~2.13! implies

uv~jg!&5eifv~j,g!G†~g!uv~j!&. ~2.16!

The phase factor is arbitrary. Also,G(g)uv1&5eia(g)uv1&,
where the phase provides a one dimensional represent
of the group of gauge transformations. A simple calculati

~]auv&)'~jg!5G†~g!
1

H~j!2E0~j!
~j!G~g!Dab~g!

3@^v~jg!uG†~g!]bH~j!G~g!uv~jg!&

2G†~g!]bH~j!G~g!#uv~jg!&

5eifv~j,g!Dab~g!G†~g!@~]buv&!'] ~j!,

~2.17!

shows covariance

^v1u@~]auv&!'#~jg!

^v1uv&~jg!
5Dab~g!

^v1u@~]buv&!'#~j!

^v1uv&~j!
.

~2.18!

Note the important disappearance of the unknown ph
due to the cancelation between the numerator and denom
tor. This is Fujikawa’s view@12# of the gauge non-invarianc
being restricted to the ‘‘fermionic measure’’ at work. T
computej cov in the lattice overlap one does not need to ma
a phase choice. Thus, the covariant currents are defined n

-

6-3
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HERBERT NEUBERGER PHYSICAL REVIEW D59 085006
rally and gauge covariantly.3 The same goes for the covaria
anomaly: it has no dependence on the phase choice in
overlap.4

In the continuum we know that for nonsinglet no
Abelian anomaliesD j vanishes if and only if we have
anomaly cancelation, because if there are anomalies the
sistent and covariant currents cannot be equal. So, ano
cancellation in this case is equivalent to the vanishing ofD j .
In the overlap, the main impediments to arrange forD j to
vanish identically by deforming the overlap lattice Hamilt
nians used in the construction of the statesuv6& will be seen
to disappear if anomalies cancel. The natural and direct d
nition of D j and its curl in the overlap easily extends to t
Abelian case, unlike a definition based on Eq.~2.10!. Just
like the covariant current, the curl ofD j is also defined in a
gauge invariant manner.

The formula forD j in the overlap is simple:

D j a5^vu]auv&. ~2.19!

D j depends on the phase choice foruv&, but, the curl ofD j a
(dD j ) does not; ifdD j Þ0 there is no way a phase choic
could eliminateD j . Whether or not there is a nonzero cu
depends only on the Hamiltonian. It is useful now to rec
Berry’s phase@7#. Clearly,D j is nothing but the Berry con
nection@9#, while the curl is Berry’s curvature@7,9#.

The curl of D j was analyzed in@10# in the continuum.
The curl~an Abelian field strength over the space ofja), in
componentsFab5]aD j b2]bD j a , is more conveniently
manipulated after contraction with two arbitrary ‘‘vectors
da

1 anddb
2. The quantityFabda

1db
2 is denoted in Ref.@10# by

a functional Z(d1A,d2A,A) where d1Am(x) and d2An(y)
play the role ofda

1 anddb
2. To us the most important aspe

of the analysis in@10# is that the curvature is finite and ap
parently unambiguous in the continuum regularizat
adopted there which required no gauge breaking even a
termediary steps. Thus, the curvature is potentially just
fundamental as the anomaly itself. On the lattice, the ove
provides a nonperturbative framework to realize the sa
situation.

We know that there are typically two sources to Berry
curvature: One consists of a ‘‘smeared’’ collection and
other of ‘‘monopole’’ singularities@7#. The ‘‘monopole’’
singularities cannot be made to go away by small deform
tions of the Hamiltonian. But the smeared component of
source can.

III. TWO DIMENSIONS: BERRY’S CURVATURE AND
THE ABELIAN ANOMALY

In this section we shall see that anomalies indeed co
spond to the ‘‘monopoles’’ identified by Berry, and th

3This is particularly useful for QCD applications@13#, but a more
detailed discussion would take us too far off track here.

4Essentially, this is why in the original proposal of Kaplan@14# it
was possible to compute the anomaly without any apparent a
guity: the outcome turned out to be the covariant anomaly@15#.
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anomaly cancellation corresponds to them canceling e
other. The connection between anomalies and Berry’s ph
is different from previous relations described in the literatu
@16# and is specific to the overlap framework, but not to t
particular form of regularization within which the overlap
implemented.

We are considering a Weyl fermion in two Euclidean d
mensions in an abelian externalU(1) gauge field. Space
time is taken to be a flat torus obtained by identifying t
opposite boundaries of a square. The torus is replaced
mesh of small squares and covered byL2 such plaquettes.

A family of gauge backgrounds is chosen to consist o
collection of constant gauge potentials. Thus, we are conc
trating on a flat torus embedded in the space of gauge or
There are no exceptional points~in the sense of the Introduc
tion! on this torus, so it is a compact, smooth manifold. O
objective is to show that Berry’s curvature associated w
the one form̂ vudv& on this manifold integrates to a nonze
value one could associate with degeneracies ‘‘nearby.’’ T
degeneracy points lie outside the space ofj’s, and assume
the role of ‘‘monopole’’ sources. Since we are dealing w
the integral of a locally exact form, its value is quantize
and small deformations of the Hamiltonian cannot remo
the singularity. The total strength of the singularities isq2

where q is the integralU(1) charge of the Weyl fermion
here assumed to be a left mover. For a right mover we
2q2. For the integral of the total curvature over the torus
vanish the well known anomaly cancelation conditi
(RqR

25(LqL
2 must hold. In that case, the ‘‘monopoles’’ can

cel each other out.
We replace the variablesUm(x) by eihm for eachx in Eq.

~A3!. By gauge invariance the variableshm are periodic with
period 2p/L each.

The matrixH block diagonalizes to two by two blocks i
Fourier space and the ground state ofH is obtained by filling
the negative energy state corresponding to each block.
label the momenta and the associated blocks and states
two component integral vectorn, (nm50,...,L21, m51,2).

For hm50 we have

pn5
2p

L
n, Hn5S 1

2
p̂n

22m ip̄n
12 p̄n

2

2 i p̄n
12 p̄n

2 m2
1

2
p̂n

2
D . ~3.1!

We usep̄m5sinpm andp̂m52 sin(pm/2). For arbitraryhm we
simply need to replace everypn by pn1h.

The curvature we wish to compute is given in seco
quantized language by

Fab5^]avu]bv&2^]bvu]av&, ~3.2!

wherea5(m,x) andb5(n,y). For our background we ge

(
x,y
Fab[ f mn5 K ]v

]hm
U ]v
]hn

L 2 K ]v
]hn

U ]v
]hm

L . ~3.3!i-
6-4
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GEOMETRICAL ASPECTS OF CHIRAL ANOMALIES IN . . . PHYSICAL REVIEW D 59 085006
The two form f, f 5( 1
2 ) f mndhmdhn , is taken over the

h-torus. Define the numbersf̃ (m) for integral two dimen-
sional vectorsm:

f̃ ~m!5S L

2p D 2E
uhmu<p/L

e2 iLh•mf ~h!. ~3.4!

f̃ (0) will be seen to be quantized and controlled solely
the ‘‘monopoles’’; absence of anomalies is equivalent to
cancelation of all thef̃ (0) terms among all fermion specie
Equation~3.4! can be inverted:

f 12~h!5 (
mPZ2

eiLh•mf̃ m . ~3.5!

It is straightforward to see that the equationda5 f for an
unknown one-forma(h) has solutions over the torus if an
only if f̃ (0)50. The undefined part of the one forma that
can be written asdF can be eliminated by a phase choice f
the ground state; the rest can only be eliminated by defo
ing the matrixH.

Writing out explicitly the Slater determinant wave fun
tion for the ground state ofH in terms of single particle
wave functions one easily derives

f mn~h!5(
n

F]u†~pn1h!

]hm

]u~pn1h!

]hn
2~m↔n!G ,

~3.6!

whereu(pn) is a normalized negative energy eigenstate
Hn . Clearly, such an object carries a phase choice, and
wish to make it explicit thatf does not depend on this pha
choice. For this we need the projectorPn(h) on the appro-
priate eigenspace, and an expression forf in terms of
Pn(h)’s only. The~easily proven! required expression can b
found in @17#:

^d1uud2u&2~1↔2!5tr„d2PPd1P2~1↔2!…, ~3.7!

whereP5uu&^uu andP25P. All we need at the moment fo
proceeding is that theHn(h) are two by two Hermitian trace
less matrices, and therefore

Pn~h!5
1

2
„12wW n~h!•sW …. ~3.8!

Here,sW is the usual triple of Pauli matrices and the real th
vectorswW n(h) have unit length. Up to a positive prefactor w
have Hn(h)}wW n•sW . Since tr(d1Pd2P)5tr(d2Pd1P), we
can write

^d1uud2u&2~1↔2!5tr„d2P~1/22P!d1P…2~1↔2!.
~3.9!

Simple algebra now produces

^d1uud2u&~pn1h!2~1↔2!5
i

2
wW n•d1wW n3d2wW n .

~3.10!
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We recognize the appearance of the infinitesimal area
ment on the surface of the spherewW n

251

f 12~h!5
i

2 (
n

wW n•
]wW n

]h1
3

]wW n

]h2
. ~3.11!

The expression above needs to be integrated over theh-torus.
For any functionF we have

E
uhmu<p/L

d2h(
n

F~pn1h!5E
uumu<p

F~u!. ~3.12!

Therefore@see Eq.~3.4!#,

f̃ ~0!5 i
L2

2p
N, ~3.13!

where N is the number of times the torusuumu<p wraps
around the spherew251 under the mapu→wW , explicitly
given by

S 1

2
û22m i ū12 ū2

2 i ū12 ū2 m2
1

2
û2
D [E~u!wW ~u!•sW . ~3.14!

By definition, E(u)>0 andwW 2(u)51. It is easy to see tha
the mapping near the south pole of thewW -sphere is one to
one, soN51.

The source of the winding is easily identified if one co
siders deforming the parameterm to negative values. In tha
case the south pole is never reached soN50. Whenm50
there is a degeneracy atum50. This degeneracy is a Berr
‘‘monopole.’’ When m goes to2` the torus gets mappe
into a single point on the sphere. Considering the image
the torus as a function of the parameterm we acquire the
picture of a monopole traveling from the ‘‘outside’’ of th
torus into its ‘‘inside’’ asm is increased from2` through
zero, and once it crosses into the ‘‘interior’’ the windin
number changes from zero to unity. We conclude that
obtain the quantityf̃ (0) we only need to survey the variou
zero energy degeneracy points one can induce by var
also the parameterm. These degeneracies occur in the fi
quantized Hamiltonian matrix and in the ground state of
second quantized Hamiltonian operator simultaneously. O
degeneracies at zero energy ofH play the role of ‘‘mono-
poles’’ for the overlap.

Until now, we dealt with a fermion of unit charge. If th
fermion has chargeq, N gets replaced byq2N. Actually, one
hasq2 distinct monopoles, not one monopole of strengthq2.

To change handedness we know that we should replac
the overlap formula the lowest energy states by the high
energy ones. This simply amounts to replacing the projec
P by 12P, inducing a sign switch inN, and having the
expected effect on the anomaly.
6-5
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The calculation showed that, regardless of the ph
choice, i.e., before any gauge noninvariant step has b
taken, we can conclude that the antisymmetric tensorFab
has a constant piece given by

6q2
i

2p
emndxy[6q2

i

2p
Eab . ~3.15!

This equation is consistent with the following continuum e
pression:

Z~d1A,d2A,A!56 i
q2

2p
emnE d2xd1Am~x!d2An~x!.

~3.16!

Eab is a covariant~trivially, as it is constant!, antisymmet-
ric tensor inj-space. Such a tensor is available because
the existence ofemn in two dimensional space-time. Equatio
~3.16! agrees with@5,10#.

Note that the calculation was done on a finite lattice. T
torus that we used was not in momentum space, as the l
is discrete. Also note that the anomaly is traced to a qu
tized integer already on the lattice, so there is no ques
about the continuum limit. This is in general line with th
basic philosophy of the overlap, namely that anoma
should appear as phenomena completely divorced from
traviolet effects.

IV. TWO DIMENSIONS: AN EXAMPLE
OF PARTIAL IMPROVEMENT

If anomalies do not cancel there is no way to proceed
eliminate the curl ofD j . If this cannot be done, there is n
hope to find a phase choice for the overlap that would ren
a vanishingD j , and a gauge invariant chiral determinant. O
the other hand, we would like to be able to arrange forD j to
vanish if anomalies do cancel, because then the regul
determinant would be gauge invariant, since its derivati
with respect to the gauge fields would be given by the co
riant current while the latter is defined in a gauge invari
manner and is curl free. I do not expect a simple solution
all possible gauge backgrounds. In this section we focus
subset of backgrounds over which the curl of theD j corre-
sponding to an Abelian anomaly free two dimensional ch
model is set to zero by a simple adjustment in the regu
ization.

The model is a favorite of overlap work@18#: It contains
one periodic left mover of charge 2 and four right movers
charge 1. We know that to consistently quantize the mo
on a two torus, one needs to pick the four right movers
obey the set of four boundary conditions~PP!, ~PA!, ~AP!
and~AA !. Here,~PA! for example, means periodic in direc
tion 1 and antiperiodic in direction 2.

We still restrict our attention to theh-torus. The total
curvature will be the algebraic sum of the curvatures cont
uted by each one of the five fermions. Per fermion th
contributions have the form of Eq.~3.6!. Generically it looks
like
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f mn~h!5emn(
n

f̂ ~pn1h!. ~4.1!

Let us assume that the Hamiltonians for each ferm
species are regularized on similar square lattices. If the
of the lattice isLF for fermion F of chargeqF and the argu-
menth in Eq. ~4.1! is hF , the combinationLFhF /qF must be
F-independent. The functionf̂ for each fermion depend
only on the form of the Hamiltonian. Let us take the simp
case that all Hamiltonians are picked of the same form.
the charge 2 fermion live on a lattice of sizeL, and have
chargeq52. Let the charge 1 fermions all live on lattices
the same sizeL1 . We choose to work withh-variables peri-
odic with period 2p/L. To implement the boundary cond
tions we introduce variablesnPP , nPA , nAP , nAA :

nPP[n; nPA[n1~0,1/2!;

nAP[n1~1/2,0!; nAA[n1~1/2, 1/2!. ~4.2!

The total curvature is then

f mn
total~h!5emnF (

n; nm50,1,...,L21
f̂ S 2p

L
n12hD

2 (
n; nm50,1,...,L121

f̂ S 2p

L1
nPP1

L

L1
hD

2 (
n; nm50,1,...,L121

f̂ S 2p

L1
nPA1

L

L1
hD

2 (
n; nm50,1,...,L121

f̂ S 2p

L1
nAP1

L

L1
hD

2 (
n; nm50,1,...,L121

f̂ S 2p

L1
nAA1

L

L1
hD G . ~4.3!

Clearly, the choiceL15L/2 produces exact cancellatio
and zero total curvature on theh-torus. The set of boundary
conditions for the charge 1 fermions work precisely so t
each one of the four monopoles associated with the char
fermion is individually canceled by a monopole associa
with one specific charge 1 fermion. The choice ofL15L/2
was implemented in previous work@19#, but its impact on
the phase of the overlap was not mentioned.

It is not necessary to have a strictly gauge invariant ch
determinant for all gauge backgrounds; one can rely
gauge averaging and the Foerster-Nielsen-Ninomiya me
nism instead@20#. Nevertheless, in the numerical simulatio
carried out for this model@19# it was important to use a
definition of the overlap that was close to ‘‘ideal’’ at least f
the gauge field configurations that carry significant statist
weight when the lattice coupling becomes large and c
tinuum is approached. Since constant gauge fields are
suppressed in the continuum limit, getting close to a ga
invariant definition on theh-torus discussed above was n
only nice but actually necessary in practice.

The reason for the necessity is not fundamental, but ha
do with the inability of Monte Carlo techniques to deal re
6-6
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ably with complex measures. The phase of the integran
the integral estimated by the Monte Carlo procedure w
absorbed into the observable. Typically this would lead
disastrous results since wild fluctuations of the phase
expected, so impractical long simulation times would
needed to dig the signal out from under the noise.~Actually,
this may not be possible even in principle because of rou
off errors reflecting the finite number of digits used to re
resent floating point numbers on a computer.! In the particu-
lar model of@18# the continuum limit is exactly soluble, an
tells us that the chiral determinant is actually positive. Th
all the phases we would see are lattice artifacts and, in p
ciple, would be completely eliminated in an ‘‘ideal’’ regu
larization.

In practice, the cancellation of the curvature on t
h-torus combined with the BW phase choice~see Sec. VI for
a definition! turn out to be sufficient. As mentioned abov
the FNN mechanism indicates that it is not necessary to h
an ‘‘ideal’’ regularization; it is the practical aspects of Mon
Carlo integration that make it necessary to go some dista
towards an ideal regularization. Of course, it would be n
to know that there exists, in principle, a choice of Hamilt
nians and other regularization details~something one could
call a perfect, or ideal, overlap—see Sec. 12, bottom o
380, in @3#! that provide strict gauge invariance for anoma
free theories. On the other hand, it is also important to kn
~at least on the lattice! for sure whether, in principle, anyfine
tuning is needed in order to regularize anomaly free ch
gauge theories. My feeling, based on the FNN mechan
and available numerical evidence to date is that nofine tun-
ing is needed in principle. At present, this opinion does
appear to be widely shared among workers in the field.

V. FOUR DIMENSIONS: BERRY’S CURVATURE
AND THE ABELIAN ANOMALY

In four dimensions we again consider a charged
handed Weyl fermion interacting with aU(1) gauge field.
First, we need to identify a submanifold ofj-space on which
it is easy to show that the curl ofD j cannot be made to
vanish by small smooth deformations of the Hamiltoni
matrices.

In Sec. II we learned that the relevant obstructions can
found by varyingm and looking for zero energy degener
cies in the Hamiltonian matrix. Counting the parameterm as
one of the dimensions, in addition toj, the above degenera
cies are codimension three points. The easiest case wou
a two dimensional submanifold in the space of gauge or
on which the Hamiltonian globally breaks up into two b
two blocks. By varyingm we can search for ‘‘monopoles’
associated with any one of the 232 blocks. We pick two
directions, say 1 and 2, and make the corresponding com
nents of the gauge potentials in those directions const
This generates a torus over which Berry’s curvature co
integrate to a nonzero value. For this we need a covar
~constant! antisymmetric tensor with two indices,a andb, as
before. On the torus there are no space-time variables we
use to produce antisymmetry so we need to use theemnrs

tensor. To absorb two of its indices the simplest is to int
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duce a constant magnetic field in the 3 and 4 directio
Therefore, we pick the 3 and 4 components of the ga
potential independent ofx1 andx2 , but with the dependence
on x3 andx4 chosen so as to generate a constant~and hence
quantized! magnetic field through all 3-4 plaquettes. The
are instanton configurations from the view point of a 3-4 tw
dimensional world, and they have been extensively stud
before@11,21#.

In summary, we pick the following family of back
grounds:

U3~x!5 H 1,
e2 i ~2p/L !x4,

x3ÞL21
x35L21 ,

U4~x!5ei ~2p/L2!x3,

U1~x!5eih1,

U2~x!5eih2. ~5.1!

We assume for the time being unit fermion charge and t
the system is defined on anL4 torus. The backgrounds ar
parametrized by a two dimensional torus consisting of po
labeled byh.

We proceed to describe a basis in which the Hamilton
matrix corresponding to these backgrounds becomes 232
block-diagonal. Since there is no dependence onx1 and x2
we first go to Fourier space in these variables. We sh
denote the momenta bypn just as in the previous sections
These momenta are two dimensional.

Employing notations given in Appendix A@using the
lower left corner of the list in Eq.~A4!#, H is explicitly given
by

H5~B2m!s3^ 11 iW3s2^ s32 iW4s1^ 1

1 is2^ @W1s11W2s2#. ~5.2!

One should viewH as a square matrix acting on a space
dimension 4L4 where theL4 factor comes from theL2 labels
(x3 ,x4) and theL2 labelspn . The factor 4 comes from the
two two dimensional spaces made explicit in Eq.~5.2!. H is
block diagonal in then indices and its 4L234L2 diagonal

blocks will be labeled byHn. Also, B11B25( 1
2 ) p̂2.

Associated with eachn-block introduce two new 2L2

32L2 matrices,H6
n :

H6
n 56 iW3s22 iW4s11S B31B42m1

1

2
p̂2Ds3 .

~5.3!

The dependence onpn andh comes in through the quantit
p̂2, where p stands for the combinationpn1h5(2p/L)n
1h; 0<hm,2p/L. Any p with 0<pm,2p uniquely iden-
tifies anh and ann. As before, the dependence is really on
on the combinationpn1h and this will allow us to use Eq
~3.12!.
6-7
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The matricesH6
n are two Hermitiand52 Hamiltonians in

d52 instanton backgrounds. Let us introduce th
2L2-dimensional eigenvectors:

H6
n cn6

A 5En6
A cn6

A . ~5.4!

Since H1
n 52s2H2

n s2 we can choosecn1
A [cn

A and cn2
A

[ĉn
A5s2cn

A , with En1
A 5En

A andEn2
A 52En

A .
Introduce now the following 4L2-dimensional vectors:

fn
A5cn

A
^↑, f̂n

A5ĉn
A

^↓. ~5.5!

The indexA takes 2L2 values, the indexn takesL2 values
and the set$fn

A ,f̂n
A% constitutes an orthonormal basis of th

4L4 dimensional spaceH is acting on. The two dimensiona
spinors↑ and↓ are the61 eigenvectors of thes3 factor in
1^ s3 . In view of W1 andW2 being proportional to the uni
matrix,

Hnfn
A5En

Afn
A1~ iW1

n1W2
n!f̂n

A

Hnf̂n
A52En

Af̂n
A1~ iW1

n2W2
n!fn

A .
~5.6!

Therefore,Hn has nonzero matrix elements only betwe
states that carry the same indexA. For eachA, Hn reduces to
a two by two matrixHA

n given by

HA
n5S En

A

iW1
n2W2

n
iW1

n1W2
n

2En
A D . ~5.7!

Since detHA
n52(En

A)22uW1
nu22uW2

nu2 for any A and anyn, we
know that there are no exceptional configurations on
torus, so it is a compact and smooth manifold just as it w
in Sec. II.

The dependence onh andn enters as follows:

iW1
n6W2

n52 p̄16 i p̄2 ~5.8!

and
08500
r

r
s

En
A5gAS m2

1

2
p̂2D . ~5.9!

The functionsgA(m) are simply the eigenvalues of thed
52 Hamiltonian iW3s22 iW4s11(B31B42m)s3 in an
instanton background, viewed as functions of a mass par
eter m and do not explicitly depend onn or h. We know
@3,21# that as long asm,0, gA(m) is bounded away from
zero. Thus, form,0 all blocks HA

n stay nondegenerate
However, from numerical work@3,21#, we know that, for
exactly oneA, gA(m) crosses zero once asm goes from nega-
tive to a positive value less than 2. To get a degenerac
Eq. ~5.7! we also need, in addition toEn

A50, p̄50 there.
Among the four values satisfyingp̄50 only p50 also sets
p̂250. For this value, we see now that a variation ofm will
take us through a degeneracy and an irremovable contr
tion to D j . For the other values, (1/2)p̂2>2, and the argu-
ment of gA stays negative as long asm<2; thus potential
‘‘monopoles’’ and ‘‘antimonopoles’’ associated with fer
mion doublers are avoided.

If the fermion has integral chargeq there will beq values
of the indexA for which gA(m) would cross zero. Each suc
crossing is in the same direction and the combined effect~at
infinite L one expects the crossings to occur simultaneou
in m! can be viewed as that of one monopole of strengthq.
The analysis of the previous sections shows that the
dimensional system will then seeq2 such monopoles, so th
total contribution goes asq3. In four dimensions we can
decide that all Weyl fermions are taken as left handed,
then, to cancel anomalies we need(FqF

350, as expected. A
switch in handedness is equivalent to a switch in the sign
q.

It remains to identify the normalization. If we increase
the strength of the constant magnetic field through the
planes by an integral factorl the number of crossings and
consequentially, Berry’s curvature would increasel-fold.
Thus, the curvature is proportional to the total flux through
3-4 plane divided by 2p, its smallest quantum. Putting thi
together we arrive, in continuum notation, at
Z~d1A,d2A,A!56 i
q3

4p2 emnrsE d4xd1Am~x!d2An~x!]rAs~x!

56 i
q3

8p2 emnrsE d4xd1Am~x!d2An~x!Frs . ~5.10!
This agrees with@5,10#. It is also convenient to write the
answer in terms of ordinary forms,

d1A~x!5d1Am~x!dxm , d2A~x!5d2Am~x!dxm ,

F~x!5
1

2
Fmndxmdxn ,

emnrsdx1dx2dx3dx45dxmdxndxrdxs , ~5.11!
as

Z~d1A,d2A,A!56 i
q3

~2p!2 E d1A~x!d2A~x!F~x!.

~5.12!

The generalization tod dimensions@10# for this Abelian
case is
6-8
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Z~d1A,d2A,A!56 i
q2

2pS d

2
21D !

E d1A~x!d2A~x!

3S qF

2p D ~d/2!21

~x!. ~5.13!

The above equation indicates the following interpretati
The torus we are working on is spanned by constant ga
fields in directions 1 and 2. The factorq2/2p comes fromq2

monopoles. The rest of the gauge fields are picked to cr
constant minimal size magnetic fields through each one
the planes~3,4!, ~5,6!, etc. This explains the appearance
the field strength to power (d/2)21. Each field strength
comes multiplied by the chargeq and divided by 2p because
this is the basic quantum of flux. There are (d/2)21 factors
in all possible orders, but there should be only one, and
is fixed by the prefactor 1/„(d/2)21…!. Using Eq.~A4! and
the above analysis in four dimensions it should be eas
check how this works out explicitly ind.4.

The setup of fields we employed is very similar to the o
used in continuous Minkowski space by Nielsen and
nomiya@22# to provide a simple interpretation for anomalie
The main difference is in the first two dimensions:
Minkowski space one uses a real constant electric field w
here, in Euclidean space, we used only constant gauge
tentials. This difference stems from anomalies in Euclide
space having to do exclusively with phases.

It would be instructive to see how much of the prese
analysis can be reproduced in the non-Abelian case, w
one can employ constant gauge potentials in all directio
This might also be useful to largeN reduced models.

VI. THE BRILLOUIN-WIGNER PHASE CHOICE

The Brillouin-Wigner ~BW! phase choice is defined fo
gauge configurations with a nondegenerateuv&, where, in
addition, ^v0uv&Þ0. uv0& is a carefully chosen state, typ
cally the ground state ofH for the gauge backgroun
Um(x)51 @3,19#. The phase of the overlap is fixed by r
quiring ^v0uv& to be positive.

Actually, an equally appropriate description of the pha
choice would be as Pancharatnam’s phase choice@23#. In the
context of the Poincare representation of light polarizatio
two beamsuA& and uB& were defined by Pancharatnam to
in phase if̂ AuB&.0. He observed that ifuB& is in phase with
uA& and uC& with uB& then uC& need not be in phase withuA&.
This clearly reflects an underlying nonvanishing curvature
implies that we cannot arrange for alluv& ’s to be in phase
with each other.

Berry @23# showed that ifuA& was parallel transported t
uB& using Berry’s connection on the Poincare´ sphere, along
the shortest geodesic,uA& and uB& ended up in phase. If we
found a specific regularization that madedD j 50 for a spe-
cific anomaly free theory we could arrange for alluv& ’s to be
in phase and the BW phase condition would also have b
satisfied.

Note the related fact that the BW phase condition can
defined from an extremum principle, namely, requiring
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maximize iuv0&1uv&i2. In the generic case the extremu
principle would guarantee compatibility of the BW pha
choice with symmetries in the sense analyzed in detail in@3#
on a case by case basis.

VII. DISCUSSION

Sections II and IV present probably the simplest ‘‘deriv
tion’’ of anomalies ~including their normalization! in any
lattice regularization. The geometric insight also produce
clean definition of covariant currents associated with glo
or local symmetries acting on the fermions. The separa
of sources for Berry’s curvature into ‘‘monopoles’’ and th
rest may provide the first step in establishing in principle
existence of an ‘‘ideal’’ lattice overlap regularization for an
anomaly free gauge theory, chiral or not.

A potential example of an ‘‘ideal’’ lattice regularizatio
might be obtained by replacingB1gmWm in Eq. ~A2! by the
recently discussed fermionic actions in@24# and use the new
Hamiltonians in Eq.~A5! to define theuv&-line bundle. One
would also need to exactly map the one dimensional line
lattice action space followed by the marginally relevant no
linear flow associated with a fermion mass and use
theory with the negative mass sign~assuming exact parity
invariance for the pure gauge part of the action! and replace
m accordingly. At least naively, the above suggestion brin
the lattice overlap ‘‘closest’’~in the sense of violation of
conformal invariance! to a continuum overlap, and, if th
latter were really defined outside perturbation theory,
should work as an ideal regularization as long as the m
parameter is perceived as infinite on physical scales.
course, more work is needed to test this suggestion.

Unfortunately, the definition of the Wilson-Dirac operat
we would use, as given in@24#, is implicit, requiring the
solution of a complicated nonlinear RG recursion relation
an infinite lattice, since arbitrarily separated fermions ev
tually become coupled~albeit weakly!. Only after the solu-
tion is obtained can we go to a finite lattice by factorin
translations appropriately. It has not been proven yet th
unique solution to the recursion relation exists, and even
does, it remains unclear whether the solution provides a
trix whose entries are smoothly dependent on the arbitr
link variables. For the considerations of this paper, a smo
dependence of the Hamiltonian matrices on the group val
gauge fields is absolutely essential.

It might be worthwhile to mention here that our four d
mensional backgrounds, for any value of the mass param
in the ranges we considered, can easily be deformed to~Abe-
lian! configurations for which the associated Wilson-Dir
operators have a pair of exact zero modes. The deforma
is obtained by introducing a parameterk in the exponents of
U3,4(x) in Eq. ~5.1! and reducingk from 1 towards zero. It is
guaranteed that this kind of special configurations will
encountered for some 0,k,1, depending on the massm.
These configurations have what would amount to a singu
ity in the continuum, and there is no reason to associate
fermion zero modes with four dimensional instantons. T
may be of interest to present day numerical QCD work.

I feel that the geometric insight presented in this pa
6-9
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reveals one of the deeper aspects of the overlap formali
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APPENDIX A

Based on@3#, we know that the overlap for chiral fermi
ons in evend dimensions, interacting with a gauge field in
compact groupGs , is defined as follows: On the lattice, th
chiral determinant is replaced at the regulated level by
overlap of two fermionic many-body states. These are
ground states of two bilinear Hamiltonians,

H65a†H6a, ~A1!

with all indices suppressed. The matricesH6 are obtained
from

H~m!5gd11@B2m1gmWm# ~A2!

with H15H(2`), H25H(m0) and 0,m0,2. The infi-
nite argument forH1 can be replaced by any finite positiv
number, but the equations are somewhat simpler with
above choice@18,19,25#. The matricesWm andB5(mBm are
given below:

~Wm!xi,y j5
1

2
@dy,x1m̂Um~x!2dx,y1m̂Um

† ~y!# i j ,

~Bm!xi,y j5
1

2
@2dxy12dy,x1m̂Um~x!

2dx,y1m̂Um
† ~y!# i j . ~A3!

x,y (xm50,1,...,L21) are sites on the lattice andi,j are color
indices. The matricesUm(x) are Gs link variables on the
lattice, associated with directionm and sitex. The gm are
Euclidean Dirac matrices ind dimensions. We choose th
following chiral basis, with alternating real symmetric an
imaginary antisymmetric, matrices:

g15s1^ s1^ s1 ....^ s1^ s1^ s1

g25s1^ s1^ s1 ....^ s1^ s1^ s2

g35s1^ s1^ s1 ....^ s1^ s1^ s3

g45s1^ s1^ s1 ....^ s1^ s2^ 1

g55s1^ s1^ s1 ....^ s1^ s3^ 1

g65s1^ s1^ s1 ....^ s2^ 1^ 1

g75s1^ s1^ s1 ....^ s3^ 1^ 1

••••••••••••••••••••••••••••••••••••••••••••••••••
08500
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gd235s1^ s1^ s3 ....^ 1^ 1^ 1

gd225s1^ s2^ 1....^ 1^ 1^ 1

gd215s1^ s3^ 1....^ 1^ 1^ 1

gd5s2^ 1^ 1....^ 1^ 1^ 1

gd115s3^ 1^ 1....^ 1^ 1^ 1

5~2 i !d/2g1g2 ...gd . ~A4!

Each of the firstd rows hasd/2 two by two factors. Two
inequivalent representations of the 2d/221 Euclidean Weyl
matrices can be obtained by replacing ingm the first ‘‘s1^ ’’
by 1 for m51,...,d21 and ‘‘s2^ ’’ by 7 i for m5d.

The overlapO is given by

O5^v1uv2&, H6uv6&5Emin
6 uv6&. ~A5!

O is the regularized expression for detD(j). Emin
6 denote

minimal energies which define the associated states, ass
ing no degeneracies. The state^v1u becomes trivial with the
choiceH15H(2`). Choosing exactly one vector inV from
the set$eiFuv2&, 0,F<2p% for each gauge background
amounts to a ‘‘phase choice’’ forO.

APPENDIX B

The main purpose of this Appendix is to give a detail
derivation of Eq.~2.14!.

On the latticea replaces (m,x,i j ) where, for definiteness
take Gs5SU(n) with i , j 51,...,n. j labels a point in the
spacePm,xGs . One value ofj contains a complete descrip
tion of the gauge background, namelyn221 real numbers
per link.

Let us denote the fermionic operator]aH(j) by Ra(j). It
is defined by

H~j1dj!2H~j!5Ra~j!dja , ~B1!

where dja is an infinitesimal change in the gauge bac
ground, equivalent todUm

i j (x). Define the quantities
(dUg)m

i j (x) for a finite lattice gauge transformationgi j (x):

~dUg!m
i j ~x!5g†ik~x1m!dUm

kl~x!gl j ~x!. ~B2!

The dUm
kl(x) are restricted to ann221 dimensional linear

real vector space per link by the linear requirement

Um
† dUm1dUm

† Um50. ~B3!

Equation~B2! ensuresUm
g †dUm

g 1dUm
g †Um

g 50 if Eq. ~B3!
holds. Equation~B2! can be rewritten as

~djg!b5„D21~g!…abdja . ~B4!
6-10
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This is the lattice equivalent to the variation of Eq.~2.1!.
Now,

H„~j1dj!g
…2H~jg!5H~jg1djg!2H~jg!

5Ra~jg!~djg!a

5Ra~jg!„D21~g!…badjb . ~B5!

On the other hand,
08500
H„~j1dj!g
…2H~jg!5G†~g!@H~jg1djg!2H~jg!#Gg

5G†~g!Rb~j!G~g!djb . ~B6!

Comparing Eq.~B5! and Eq.~B6! gives, on account of the
arbitrariness ofdja ,

Ra~jg!5„D~g!…abG†~g!Rb~j!G~g!. ~B7!

This is Eq.~2.14!.
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