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The set of one dimensional lowest energy eigenspaces used to construct the overlap induces a two form on
gauge orbit space which is the locally exact curl of Berry’s connection. If anomalies do not cancel, examples
of two dimensional closed submanifolds of orbit space are produced over which the integral of the above two
form does not vanish. Based on these observations, a natural definition of covariant currents is obtained, a
simple way to calculate chiral anomalies on the lattice is found, and indications for how to construct an ideal
regularization of chiral gauge theories are seen to emégh56-282(99)00808-3

PACS numbsd(s): 11.15.Ha, 11.30.Rd

I. INTRODUCTION gauge theories one first focuses on the one component where
the chiral determinant does not vanish. This component is a
In the continuum, on a compact Euclidean space-time&onnected, continuous space of gauge orbits and this work is
manifold, chiral anomalies can be understood and evaluatgigstricted to it. To define the chiral determinant for these
from solely geometric consideratiofis]. On a finite lattice it ~backgrounds a smooth section of the line bundle of projected
would appear that these insights have to be lost, being som#&acuum eigenspaces would be needed.
how restored in the continuum limit. In this paper the overlap We shall find two kinds of obstacles to the construction of
will be shown to provide a geometrical interpretation for @ gauge invariant chiral determinant: the first consists of ob-
chiral anomalies directly on lattices approximating a con-structions which need to mutually cancel and the second is a
tinuum torus. With this understanding it will become clearerresidue remaining after the cancellation. Both obstacles can
why theories where anomalies cancel between different mulee understood in the framework of Berry's phd3g The
tiplets are fundamentally different in the overlap approachbasic object will be a two form over the space of gauge
from those where the anomalies do not cancel. This insighpotentials, which is locally exact and given by the curl of
holds directly on the lattice and does not appeal to condj, the difference between the covariant and the consistent
tinuum physics or perturbative concepts. currents[8]. This Abelian curvature plays a central role also
The essence of the overl§p,3,4,3 is the association of in other regularizations of the chiral gauge theofi&s], but
the continuum chiral determinant, viewed as a line bundldn the overlap it acquires a simple geometrical interpretation,
over the space of gauge field configurations factored byecoming Berry’s curvature for a certain line bundle.
gauge transformations, with a line bundle of ground states of As usual, instead of working over the space of orbits we
a certain bilinear fermionic Hamiltonian over the space of allstart by working over the space of gauge connections, or link
compact link variables factored by lattice gauge transformavariables. Obstructions tell us that factoring by gauge trans-
tions. (More precisely, the lattice complex line bundle con-formations would not produce single valued functions over
sists of a collection of projections of the ground states alonghe space of orbits. In Sec. Il we show that the usual defini-
a fixed vector, denoted bly . ) in Appendix A) This asso- tions of the consistent and covariant curref@ j©°" j*
ciation is imperfect because the space of gauge orbits in thand Aj are consistent withj " being the variation of the
continuum is disconnected while the analogous space on tHsttice overlap with respect to the gauge field akdbeing
lattice is connected. This imperfection is reflected by theBerry’s connection associated with a certain set of finite vec-
need to excise from the space of lattice gauge orbits those fders |v) parametrized by the gauge fielf®]. We then pro-
which the dimensionality of the ground state eigenspace exseed to show that Berry’s curvatut®\j is a nonperturba-
ceeds unity because of accidental degeneracies. The settbfely, gauge invariantly regularized version of the
excised configurations has zero weight in the measure irantisymmetric two formZ(5,A, 5,A,A) of [10]. In Secs. llI
duced by the Haar volume element per link and per site foend V we show in dimensions 2 and 4 that the known con-
link parallel transporters and for gauge transformations, retinuum expressions foZ(4,A,d,A,A) can be determined
spectively. The excised configurations are “exceptional” indirectly from Berry “monopole” singularities. In Sec. IV it
the sense adopted in early studies of gauge field topology ois shown that in a certain two dimensional case, for which
the lattice[6]. The removal of the exceptional configurations anomalies cancel, the remaining lattice artifact terms in
leaves behind a space of lattice gauge orbits that no longer B(5,A, 5,A,A) can be diminished by smooth deformations
connected, but the number of components if finite. of the constructions of thiy) line bundle. If anomalies do
The chiral determinant vanishes over all connected comnot cancel no such deformations can affect a certain compo-
ponents of the space of lattice orbits except one. The Hamilrent of the total curvature; this is the component that sur-
tonians commute with fermion number and the fermion num-ives in the continuum but it separates cleanly from the other
ber of |v,) is definite. Thus, the projection along . ) contributions, already on the lattice. In Sec. VI the usual
vanishes whenever the ground state has a fermion numb@&rillouin-Wigner (BW) phase choice is shown to also pos-
different from that of|v,). In any construction of chiral sess a certain geometrical meaning. It is suggested that this
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insight explains why the BW phase convention turned out to %(gg)zpaﬁ(g)%(g)_ (2.9

obey several desirable symmetried. Several conclusions

and conjectures are described in Sec. VII. Appendix A con- The matricesD,z(g) represent the action of a gauge

tains a definition of the lattice overlap in any even dimen-transformatiorg on they (&) objects in a covariant manner.

sion. Appendix B clarifies the compact notation of Sec. Il in  Associated with the Hamiltonial{~ (see Appendix Ais

the lattice context. a Hilbert space of finite dimensioi, providing a Fock rep-
Let me briefly discuss the generality of the results: Secsrtesentation for a set of canonical fermionic creation and an-

Il through V deal with Abelian gauge backgrounds. The nihilation operatorsa,a’. Gauge transformationg are uni-

results of Secs. Ill and V extend to the non-Abelian case byarily represented on this Hilbert space B(g) in a &,

embedding. Section IV presents an explicit Abelian exampléndependent way.

of an improved choice of Hamiltonians. It demonstrates that Let us assume now that we have a regularization that

by identifying the “monopole” sources of anomalies in sta- produces a chiral determinabt(¢). The consistent current

tistically important backgrounds, one can reduce lattice artiis defined by

facts in anomaly free cases. While the example is abelian and

two dimensional, the principle behind it is general and ap- Jo(€)=0,l0gD(§). (2.9
plies to any even dimension and any compact gauge group. ]
The principle is explained in Sec. IL. Consistency[8] simply means

dgia " =0aig (2.6

II. Aj AND BERRY’'S PHASE IN THE OVERLAP

This section has two parts. In the first | review the con-°"

cepts of covariant and consistent currents in the continuum djeons=0 2.7
and introduce a compact notation to emphasize the essentials ' '
of the structures. In the second part | describe lattice objectgs jcons— jog D(¢).

corresponding to the continuum currents of the first part. An infinitesimal gauge transformation acts on functions of

£, in a way dictated by the form oféf) , [Eq. (2.1)],
A. Continuum
Since our independent variables are the continuum gauge 9= Xiat Yiaptp) Oa 28

makes this obvious: Replace the field§(x) by real coor- p expanded aroung=1 and proportional tow;. Hence
dinates¢,. The indexa takes all the values taken by the ([g])
triplet (w,a,x). An infinitesimal gauge transformation is pa-
rametrized by a function of the pafn,x), and will be de- 0a0i = 3i9a=Yigadg, (2.9
noted byw;, wherei replaces(a,X). The consistent current S
(to be defined belowis a functional of the gauge field, a Which implies
function ofx and has components labeled pyanda. It will . icons_ - cons
be denoted by °"(¢). Clearly, it can be viewed as a one 9o1109D) =dija = Yigal g (2.10
B con ; ;

fLCJm; J°°”:= I dé, over thfe space COOFd'nat(;?edtby tbg.t The infinitesimal form of Eq(2.4) is d;4,+ Yiga5=0. If

”ler%'l;" € Jauge transtormatignour coordina €%, 98t anomalies are absenit®™ transforms covariantly because
replaced by £%) 5 d;1ogD=0, theY implementing the familiar commutator. A

9 —h +pt _ 21 nonvanishing an_omaly implies_a noncova(iant transformat_ion
(69)5=Np(9) + Dup(9) € @ law for the consistent current in the nonsinglet, non-Abelian

The first term is an inhomogeneous global shift and the secé@se- Bardeen and ZuminBz) [8] show by explicit con-
ond is a homogeneous linear transformation. The equation &ruction that there always exists a O_”ffnza'm polynomial
nothing but the usual gauge transformation. We shall onlgﬁ'n 9, local in space-time, such thgt°™+Aj transforms

need it for small variationss, where the inhomogeneous Ccovariantly. S
term drops out. We have In summary, the anomalous, non-Abelian situation in the

continuum is as follows: There are two current€™ and
i j%is not the variation of any function, but is gauge

@5;;:@&,3(9), (2.2 covariant.j®"sis the derivative of a functioithe regulated
chiral determinantbut is not gauge covariant. Givgf"we
whereD,4(g) is real. could reconstruct the regulated determinant, but the lack of
A gauge invariant function(&) obeys gauge covariance gf®°" makes the reconstructed function
break gauge invariance. When anomalies can€¥F and
1(&)=1(&9). (2.3 j¢are equal. In that case the total reconstructed determinant

is gauge invariant. So, when we go to the lattice, we should
Functions (&) [a one formy,(£)dé,] that transform as focus our attention omj, the difference betweejf°"s and
the gradien®,l (dl), are said to transform covariantly: i¢?Y. We wish to understand on the lattice directly why in the
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anomalous case it is unavoidable thgt# 0. Then, we wish Let me first show explicitly that®® so identified indeed
to see that when anomalies cancel it no longer is unavoidableansforms covariantly. Undef— &9, a replacement of the
that Aj#0. To makeAj=0 one would need to tune the parameters i H, we have

lattice overlap Hamiltonian matricdéfor definitions see Ap-

pendix A). | present an argument that the obstruction pre-

venting Aj=0 on the latticein the anomalous case disap-

pears if thecontinuum algebraic conditionsor anomaly

cancelation hold. The argument is geometrical, goes to thading to
heart of the matter, and is supported by Abelian examples. In
the Abelian case the compactness of the group is crucial.

H(E9) =GN (9)H(&)G(g), (2.13

(0, H)(£9)=D,5(9)G'(9)(9H)(£)G(g). (2.19
B. Lattice

On the lattice, in a nonperturbative framework, at a finiteThe symbols¢, a, d,,, are natural generalizations of their
cutoff, with compact gauge fielda,j will not be polynomial contlr_luum _counterp_arts in the previous SUbSQCtIOﬂ. R_eaders
and one does not regularize just theriation of the chiral who find FhIS confusing are referred to Appendix B. Ordinary
determinant, as is sometimes done in the contin{d@f the ~ Perturbation theory tells us that
determinant itself is regularized. One way or another, when
defining the chiral determinant, one always deals with a de- 1
terminant line bundle over the space & (before attempt- (3|0)) 1 (&)= —==|W(§)), where
ing to factor out gauge transformation3he overlap is no H(E)—Eo(é)
exception, only now one has one dimensional spaces that are
naturally embedded in one common larger space. This.allows IW(EY=[(v(&)|d H(Ev(E))—dH(E|v(E)).
us to compare the one dimensional spaces over different 2.
points¢. Therefore, one has a natural split of the variation in
a vector at¢ induced by deforming to £+ §£: one part of
the variation is the “real” change in the spaces spanned b
each vector and the other is the “irrelevant” change along
the fibers.

Sincg<z_)+| is taken to be indepgnden(see .Appendix./)\ lo(£9)) =€l %(£9GT(g)|v(£)). (2.16
the variation of the regulated chiral determinant is directly
related to the variation of a vector

he above formula is well defined sinde (&)|w(€))=0.
ow, Eq.(2.13 implies

The phase factor is arbitrary. Als@&(g)|v,)=¢€*9|v,),
v v _Y=(v,|dv_). (2.1))  where the phase provides a one dimensional representation

) ) of the group of gauge transformations. A simple calculation,
Henceforth we shall suppress the subscript minus and shall

replace|v ) by |v). (Similarly, the Hamiltonian superscript
will be dropped). The split we described earlier is

1
(f9a|v>)L(§g)=GT(9)m(f)G(g)Daﬁ(g)
dlvy= (o)) Hlo)oladv), (212 ,
X[(v(&9)[G"(g)dzH(£)G(9)|v(£9))
¥;/:r1e.re<u|[((9a|v>)ﬂ=0 since|v) is normalized by defini- _GT(g)aHEG(@)]0(£)
This split was noted already iri1], but the roles of the —e%(E0D, (9)GT(Q)[(d5l0)),1(6)
two terms were misidentified, based on an example calcula- s pESL '
tion that turned out to be wrong, producing an incorrect (2.17)

coefficient! This error precluded further development until,

about one year ago, Randjbar-Daemi and Strathilpstart-  gnows covariance

ing from scratch arrived at the same split, but this time cor-

rectly identified the roles of the piecéhe first term in Eq.

(2.12, measuring the distance between the spaces, corre- <U+|[(’9a|v>)ﬂ(§g):D ( )<”+|[(‘7B|U>)L](5)
sponds tq °®Y, the covariant form of the current. The second (v |v)(€9) ap (v|v)(&)
term givesAj. (Obviously, the sum giveg™™s)

Note the important disappearance of the unknown phase
YEquation 3.70 in Ref:11] has the wrong overall sign and the first due to the cancelation between the numerator and denomina-
term in the round brackets should be deleted. tor. This is Fujikawa’s view12] of the gauge non-invariance
2They also computed various quantities, including the aforemenbeing restricted to the “fermionic measure” at work. To
tioned coefficient; their Eq(24) provides a correct replacement for computej “”in the lattice overlap one does not need to make
Eqg. 3.73 in[11]. a phase choice. Thus, the covariant currents are defined natu-
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rally and gauge covariantfThe same goes for the covariant anomaly cancellation corresponds to them canceling each
anomaly: it has no dependence on the phase choice in thaher. The connection between anomalies and Berry’s phase
overlap? is different from previous relations described in the literature
In the continuum we know that for nonsinglet non- [16] and is specific to the overlap framework, but not to the
Abelian anomaliesAj vanishes if and only if we have particular form of regularization within which the overlap is
anomaly cancelation, because if there are anomalies the coimplemented.
sistent and covariant currents cannot be equal. So, anomaly We are considering a Weyl fermion in two Euclidean di-
cancellation in this case is equivalent to the vanishingpf ~ mensions in an abelian externdl(1) gauge field. Space-
In the overlap, the main impediments to arrange Agrto  time is taken to be a flat torus obtained by identifying the
vanish identically by deforming the overlap lattice Hamilto- opposite boundaries of a square. The torus is replaced by a
nians used in the construction of the stdtes) will be seen  mesh of small squares and coveredlBfysuch plaquettes.
to disappear if anomalies cancel. The natural and direct defi- A family of gauge backgrounds is chosen to consist of a
nition of Aj and its curl in the overlap easily extends to the collection of constant gauge potentials. Thus, we are concen-
Abelian case, unlike a definition based on ER.10. Just trating on a flat torus embedded in the space of gauge orbits.
like the covariant current, the curl dfj is also defined in a There are no exceptional poir(ia the sense of the Introduc-

gauge invariant manner. tion) on this torus, so it is a compact, smooth manifold. Our

The formula forAj in the overlap is simple: objective is to show that Berry's curvature associated with
the one form{v|dv) on this manifold integrates to a nonzero

Aj,=(v|d,lv). (219  value one could associate with degeneracies “nearby.” The

degeneracy points lie outside the spacef'sf and assume

Aj depends on the phase choice fiof, but, the curl ofAj,  the role of “monopole” sources. Since we are dealing with
(dAj) does not; ifdAj#0 there is no way a phase choice the integral of a locally exact form, its value is quantized,
could eliminateAj. Whether or not there is a nonzero curl and small deformations of the Hamiltonian cannot remove
depends only on the Hamiltonian. It is useful now to recallthe singularity. The total strength of the singularitiesyfs
Berry's phasd7]. Clearly,Aj is nothing but the Berry con- whereq is the integralU(1) charge of the Weyl fermion,
nection[9], while the curl is Berry's curvaturg?,9]. here assumed to be a left mover. For a right mover we get

The curl of Aj was analyzed if10] in the continuum.  —q2, For the integral of the total curvature over the torus to
The curl(an Abelian field strength over the spaceég), in  vanish the well known anomaly cancelation condition
components ., z=d,Ajg—dgAj,, is more conveniently .q2=3 q? must hold. In that case, the “monopoles” can-
manipulated after contraction with two arbitrary “vectors” ce| each other out.
5% and 5. The quantityF, ;855 is denoted in Ref.10] by We replace the variables ,(x) by e« for eachx in Eq.
a functional Z(6,A, 5,A,A) where 5;A,(x) and 5,A,(y) (A3). By gauge invariance the variablieg are periodic with
play the role oféi and 52. To us the most important aspect period 27/L each.
of the analysis irf10] is that the curvature is finite and ap-  The matrixH block diagonalizes to two by two blocks in
parently unambiguous in the continuum regularizationFourier space and the ground stateg-bis obtained by filling
adopted there which required no gauge breaking even at irthe negative energy state corresponding to each block. We
termediary steps. Thus, the curvature is potentially just atabel the momenta and the associated blocks and states by a
fundamental as the anomaly itself. On the lattice, the overlapwo component integral vectar, (n,=0,..L —1, u=1,2).
provides a nonperturbative framework to realize the same Forh, =0 we have
situation.

We know that there are typically two sources to Berry’s 1
curvature: One consists of a “smeared” collection and the ~p2-m ip:—pa
other of “monopole” singularities[7]. The “monopole” =2—7Tn H = 2 (3.1)
singularities cannot be made to go away by small deforma- Pn L n ) s 1 ' '
tions of the Hamiltonian. But the smeared component of the “!PnTPh m-— EP
source can.

We usep,,=sinp, andp,=2 sin(p,/2). For arbitraryh , we
simply need to replace evepy, by p,+h.
The curvature we wish to compute is given in second
In this section we shall see that anomalies indeed correduantized language by
spond to the “monopoles” identified by Berry, and that

Ill. TWO DIMENSIONS: BERRY’S CURVATURE AND
THE ABELIAN ANOMALY

faﬂ=<8av|8ﬁv>—<ﬁﬁv|c?av>, (32)

*This is particularly useful for QCD applicatiofi$3], but a more ~ wherea=(u,x) and 8=(v,y). For our background we get
detailed discussion would take us too far off track here.

“Essentially, this is why in the original proposal of Kapld] it P P
was possible to compute the anomaly without any apparent ambi- 2 Fo.=f :< v > _< v
guity: the outcome turned out to be the covariant anorfiby. y ah, ah,

Jv
&hM

v
ahM

>. (3.3
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The two form f, f=(%)fwdhﬂdhy, is taken over the

h-torus. Define the numberf(m) for integral two dimen-
sional vectoram:

~ L\?2 -
f(m)=(z) Jmsme Lh-mf (), (3.9

PHYSICAL REVIEW D 59 085006

We recognize the appearance of the infinitesimal area ele-
ment on the surface of the spheié=1

>

[ . OW, W,
flz(h)—zz Wi G X g (3.11)

The expression above needs to be integrated ovér-tbais.

F(0) will be seen to be quantized and controlled solely bygo, any functionF we have
the “monopoles”; absence of anomalies is equivalent to the

cancelation of all thé(0) terms among all fermion species.
Equation(3.4) can be inverted:

fi(h)= > ethnf . (3.5

me z2

It is straightforward to see that the equatida=f for an
unknown one-forma(h) has solutions over the torus if and
only if T(0)=0. The undefined part of the one forathat
can be written ad® can be eliminated by a phase choice for

the ground state; the rest can only be eliminated by deform

ing the matrixH.

Writing out explicitly the Slater determinant wave func-
tion for the ground state oH in terms of single particle
wave functions one easily derives

aut(p,+h) du(p,+h)
=2 | = .

pev) |,
(3.6

o

f d?h>, F(pn+h)=f F(o). (.12
Ih,|<aiL n [6,|<m
Therefore[see Eq.(3.4)],

- L2

f(0)=i5-N, (3.13

where N is the number of times the tory9,,|<m wraps
around the spher&?=1 under the map—w, explicitly
given by

E(O)W(0)-&. (3.14

whereu(p,) is a normalized negative energy eigenstate ofBy definition, E(4)=0 andwWw?(#)=1. It is easy to see that
H,. Clearly, such an object carries a phase choice, and wihe mapping near the south pole of tWesphere is one to

wish to make it explicit thaf does not depend on this phase
choice. For this we need the project®y(h) on the appro-
priate eigenspace, and an expression foin terms of
P,(h)’s only. The(easily provehrequired expression can be
found in[17]:

<5lu|52u>—(1<—>2)=tl’(52PP51P—(1<—>2)), (37)

whereP=|u)(u| andP?=P. All we need at the moment for
proceeding is that the ,(h) are two by two Hermitian trace-
less matrices, and therefore

1
Pa(h) =35 (1=Wq(h)- 7). (3.8

one, soN=1.

The source of the winding is easily identified if one con-
siders deforming the parameterto negative values. In that
case the south pole is never reached\se0. Whenm=0
there is a degeneracy &},=0. This degeneracy is a Berry
“monopole.” When m goes to—« the torus gets mapped
into a single point on the sphere. Considering the images of
the torus as a function of the parametarwe acquire the
picture of a monopole traveling from the “outside” of the
torus into its “inside” asm is increased from-co through
zero, and once it crosses into the “interior” the winding
number changes from zero to unity. We conclude that to

obtain the quantityf (0) we only need to survey the various
zero energy degeneracy points one can induce by varying

Here, is the usual triple of Pauli matrices and the real three?/SO the parametem. These degeneracies occur in the first

vectorsw,(h) have unit length. Up to a positive prefactor we
have H,(h)xW,-o. Since tr@,;P5,P)=tr(5,P5;P), we
can write

(81U] 8,u) — (1> 2) =tr(8,P(1/2— P) 8, P)— (15 2).
(3.9

Simple algebra now produces

|
<51u|52u)(pn+h)—(1<—>2)= Ewn' O1Wi X 5,Wp, .

(3.10

quantized Hamiltonian matrix and in the ground state of the
second quantized Hamiltonian operator simultaneously. Only
degeneracies at zero energy téfplay the role of “mono-
poles” for the overlap.

Until now, we dealt with a fermion of unit charge. If the
fermion has chargg, N gets replaced byg?N. Actually, one
hasqg? distinct monopoles, not one monopole of strength

To change handedness we know that we should replace in
the overlap formula the lowest energy states by the highest
energy ones. This simply amounts to replacing the projectors
P by 1-P, inducing a sign switch irlN, and having the
expected effect on the anomaly.
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The calculation showed that, regardless of the phase

choice, i.e., before any gauge noninvariant step has been fw(h):ﬂwg f(pa+h). 4.7
taken, we can conclude that the antisymmetric ters5gg
has a constant piece given by Let us assume that the Hamiltonians for each fermion
_ . species are regularized on similar square lattices. If the size
I I of the lattice isLg for fermion F of chargeqg and the argu-
2 — 2 F =
=4 2 €urdxy="0 2775“5' (3.19 menthin Eq. (4.1) is hg, the combinatiorL chg /g must be

F-independent. The functioh for each fermion depends
This equation is consistent with the following continuum ex-only on the form of the Hamiltonian. Let us take the simple
pression: case that all Hamiltonians are picked of the same form. Let
the charge 2 fermion live on a lattice of site and have
92 chargeq=2. Let the charge 1 fermions all live on lattices of
Z(61A, 5,AA)=*i Ze“”f d2x51AM(x) oA (X). the same sizé& ;. We choose to work witln-variables peri-
odic with period 27/L. To implement the boundary condi-

(3.16 tions we introduce variable$pp, Npa, Nap, NaA:
Eqp 1s a covarianttrivially, as it is constant antisymmet- Npp=N; Npa=n+(0,1/2);
ric tensor iné-space. Such a tensor is available because of
the existence o,,, in two dimensional space-time. Equation Nap=n+(1/2,0; naa=n+(1/2,1/2. 4.2

(3.16 agrees with/5,10].
Note that the calculation was done on a finite lattice. TheThe total curvature is then

torus that we used was not in momentum space, as the latter

is discrete. Also note that the anomaly is traced to a quan- fotal

tized integer already on the lattice, so there is no question wy

about the continuum limit. This is in general line with the

basic philosophy of the overlap, namely that anomalies

h)=e€,,

. L
should appear as phenomena completely divorced from ul- I f(L_lnF’F’Jr L_lh)
traviolet effects.
N L
- f L—npA-i— L—h
IV. TWO DIMENSIONS: AN EXAMPLE m n,=01..by=1 1 1
OF PARTIAL IMPROVEMENT 2 L
- < nae+ —h
If anomalies do not cancel there is no way to proceed to non,=01,..L,-1 \ L1 AP L,
eliminate the curl ofAj. If this cannot be done, there is no
hope to find a phase choice for the overlap that would render _ } 2_7Tn " Lh 43
a vanishingA j, and a gauge invariant chiral determinant. On nono=61.1.-1 \Ly AL o
y h,=014, L 1 1

the other hand, we would like to be able to arrangeX¢ito
vanish if anomalies do cancel, because then the regulated Clearly, the choice.;=L/2 produces exact cancellation
determinant would be gauge invariant, since its derivativesnd zero total curvature on thretorus. The set of boundary
with respect to the gauge fields would be given by the covaeonditions for the charge 1 fermions work precisely so that
riant current while the latter is defined in a gauge invarianteach one of the four monopoles associated with the charge 2
manner and is curl free. | do not expect a simple solution foifermion is individually canceled by a monopole associated
all possible gauge backgrounds. In this section we focus onwith one specific charge 1 fermion. The choicelgf=L/2
subset of backgrounds over which the curl of the corre-  was implemented in previous wofl9], but its impact on
sponding to an Abelian anomaly free two dimensional chiralthe phase of the overlap was not mentioned.
model is set to zero by a simple adjustment in the regular- It is not necessary to have a strictly gauge invariant chiral
ization. determinant for all gauge backgrounds; one can rely on
The model is a favorite of overlap wofl8]: It contains  gauge averaging and the Foerster-Nielsen-Ninomiya mecha-
one periodic left mover of charge 2 and four right movers ofnism instead20]. Nevertheless, in the numerical simulations
charge 1. We know that to consistently quantize the modetarried out for this mode[19] it was important to use a
on a two torus, one needs to pick the four right movers tadefinition of the overlap that was close to “ideal” at least for
obey the set of four boundary conditiofBP, (PA), (AP)  the gauge field configurations that carry significant statistical
and(AA). Here,(PA) for example, means periodic in direc- weight when the lattice coupling becomes large and con-
tion 1 and antiperiodic in direction 2. tinuum is approached. Since constant gauge fields are not
We still restrict our attention to thé&-torus. The total suppressed in the continuum limit, getting close to a gauge
curvature will be the algebraic sum of the curvatures contribinvariant definition on théh-torus discussed above was not
uted by each one of the five fermions. Per fermion thes@nly nice but actually necessary in practice.
contributions have the form of E¢3.6). Generically it looks The reason for the necessity is not fundamental, but has to
like do with the inability of Monte Carlo techniques to deal reli-
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ably with complex measures. The phase of the integrand iduce a constant magnetic field in the 3 and 4 directions.
the integral estimated by the Monte Carlo procedure waJherefore, we pick the 3 and 4 components of the gauge
absorbed into the observable. Typically this would lead topotential independent of; andx,, but with the dependence
disastrous results since wild fluctuations of the phase aren x; andx, chosen so as to generate a constant hence
expected, so impractical long simulation times would bequantizedl magnetic field through all 3-4 plaquettes. These
needed to dig the signal out from under the noigetually,  are instanton configurations from the view point of a 3-4 two
this may not be possible even in principle because of rounddimensional world, and they have been extensively studied
off errors reflecting the finite number of digits used to rep-before[11,21].
resent floating point numbers on a compytér.the particu- In summary, we pick the following family of back-
lar model of[ 18] the continuum limit is exactly soluble, and grounds:
tells us that the chiral determinant is actually positive. Thus
all the phases we would see are lattice artifacts and, in prin- 1, Xs#L—1
ciple, would be completely eliminated in an “ideal” regu- Ujs(x)= e-i27lxy  yo | —1
larization. b8 ’

In practice, the cancellation of the curvature on the
h-torus combined with the BW phase choisee Sec. VI for U, (x) =€l 2T,
a definition turn out to be sufficient. As mentioned above,
the FNN mechanism indicates that it is not necessary to have Uy (x) =g
an “ideal” regularization; it is the practical aspects of Monte ! '
Carlo integration that make it necessary to go some distance .
towards an ideal regularization. Of course, it would be nice Ua(x)=e"2, (5.1
to know that there exists, in principle, a choice of Hamilto-
nians and other regularization detafisomething one could We assume for the time being unit fermion charge and that
call a perfect, or ideal, overlap—see Sec. 12, bottom of pthe system is defined on drf torus. The backgrounds are
380, in[3]) that provide strict gauge invariance for anomaly parametrized by a two dimensional torus consisting of points
free theories. On the other hand, it is also important to knowabeled byh.
(at least on the lattiodor sure whether, in principle, arfine We proceed to describe a basis in which the Hamiltonian
tuning is needed in order to regularize anomaly free chiraatrix corresponding to these backgrounds becomeg 2
gauge theories. My feeling, based on the FNN mechanismlock-diagonal. Since there is no dependencexpmand x,
and available numerical evidence to date is thafinetun-  we first go to Fourier space in these variables. We shall
ing is needed in principle. At present, this opinion does nodenote the momenta by, just as in the previous sections.
appear to be widely shared among workers in the field. = These momenta are two dimensional.

Employing notations given in Appendix Ausing the

lower left corner of the list in EQLA4)], H is explicitly given
V. FOUR DIMENSIONS: BERRY’'S CURVATURE owerelt corner ot the 1is O( )] S explicitly give

AND THE ABELIAN ANOMALY by

In four dimensions we again consider a charged left H=(B—m)o3®1+iW30,803—1Wy0101

handed Weyl fermion interacting with d(1) gauge field. .
First, we ne?a/d to identify a submganifold skpace on which Tioa®[Wi01+W,op]. 6.2
it is easy to show that the curl afj cannot be made to
vanish by small smooth deformations of the Hamiltonian
matrices.
B o 40 o dimersiona spaces made exp n E42. H

und by varyingm & ng . gy deg block diagonal in then indices and its #2x 4L? diagonal
cies in the Hamiltonian matrix. Counting the parametesis ) N ez
one of the dimensions, in addition & the above degenera- blocks will be labeled byH". Also, B, +B,=(z)p".
cies are codimension three points. The easiest case would be Associated with each-block introduce two new R
a two dimensional submanifold in the space of gauge orbits< 2L% matricesH™ :
on which the Hamiltonian globally breaks up into two by L
two blocks. By varyingm we can search for “monopoles” n . . -
associated with any one of thex2 blocks. We pick two HY =2 1W50,=1Wyoy | Bs+By—m+ §p2>a3.
directions, say 1 and 2, and make the corresponding compo- (5.3
nents of the gauge potentials in those directions constant.
This generates a torus over which Berry's curvature couldrhe dependence gm, andh comes in through the quantity
integrate to a nonzero value. For this we need a covariarfi?, where p stands for the combinatiop,+h=(2#/L)n
(constantantisymmetric tensor with two indicea,andg, as  +h; O<h,<2x/L. Any p with 0<p, <2 uniquely iden-
before. On the torus there are no space-time variables we caifies anh and ann. As before, the dependence is really only
use to produce antisymmetry so we need to useefhg,  on the combinatiorp,+h and this will allow us to use Eq.
tensor. To absorb two of its indices the simplest is to intro-(3.12.

One should viewH as a square matrix acting on a space of
dimension 4.4 where the_* factor comes from th&? labels
X3,X4) and theL? labelsp,. The factor 4 comes from the
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The matricesH". are two Hermitiard=2 Hamiltonians in
their

d=2 instanton backgrounds. Let us introduce
2L2-dimensional eigenvectors:
Hg ‘ﬂﬁ: = Eﬁ: ‘pﬁ: . (5.9

SinceH"l = —o,H" o, we can choose/s, =y and ¥/5_

=y/=o,yh, with En, =EA andE}} =—E}.
Introduce now the following #2-dimensional vectors:
Ph=vre1, h=Uhe|. (5.5

The indexA takes 2.2 values, the index takesL? values

and the sef¢” , ¢~} constitutes an orthonormal basis of the
4L* dimensional spackl is acting on. The two dimensional

spinorsT and | are the*x1 eigenvectors of ther; factor in

PHYSICAL REVIEW %9 085006

1
Eé‘=gA(m— 5@2)- (5.9
The functionsga(u) are simply the eigenvalues of thee
=2 Hamiltonian iWzo,—iW,01+(B3+Bs—u)oz in an
instanton background, viewed as functions of a mass param-
eter x and do not explicitly depend on or h. We know
[3,21] that as long agt<0, ga(u) is bounded away from
zero. Thus, form<O0 all blocks H} stay nondegenerate.
However, from numerical work3,21], we know that, for
exactly oneA, ga(u) crosses zero once asgoes from nega-
tive to a positive value less than 2. To get a degeneracy in
Eq. (5.7 we also need, in addition t&;=0, p=0 there.
Among the four values satisfying=0 only p=0 also sets
p2=0. For this value, we see now that a variatiomofvill
take us through a degeneracy and an irremovable contribu-

1®o3. In view of W; andW, being proportional to the unit {5 1o Aj. For the other values, (1/g5=2, and the argu-

matrix,
H"h=Eneh+ (W] +W3) iy

H" = —ERdn+ (W] — W) ¢y

Therefore,H" has nonzero matrix elements only between
states that carry the same ind&xFor eachA, H" reduces to

a two by two matrixHy given by

A .
EA W+ W)

H,rl.]\: YL n A
iwl-w)  —EA

(5.7

Since detH}=—(E~)?—|W|?>—|Wy? for any A and anyn, we

ment of g, stays negative as long as<2; thus potential
“monopoles” and “antimonopoles” associated with fer-
mion doublers are avoided.

If the fermion has integral chargethere will beq values
of the indexA for which g,(x) would cross zero. Each such
crossing is in the same direction and the combined effct
infinite L one expects the crossings to occur simultaneously
in m) can be viewed as that of one monopole of strergth
The analysis of the previous sections shows that the two
dimensional system will then seg such monopoles, so the
total contribution goes ag>. In four dimensions we can
decide that all Weyl fermions are taken as left handed, and
then, to cancel anomalies we neEpJqf;=0, as expected. A
switch in handedness is equivalent to a switch in the sign of

know that there are no exceptional configurations on ouft

torus, so it is a compact and smooth manifold just as it was

in Sec. Il.
The dependence dmandn enters as follows:
iW]+W)=—p;=ip, (5.9

and

3

It remains to identify the normalization. If we increased
the strength of the constant magnetic field through the 3-4
planes by an integral factdrthe number of crossings and,
consequentially, Berry’s curvature would increalséold.
Thus, the curvature is proportional to the total flux through a
3-4 plane divided by 2, its smallest quantum. Putting this
together we arrive, in continuum notation, at

. g
Z(6,1A,65AA)= =i 172 Euvpo d4X51AM(X)62AV(X)r7PAU(X)

4

g
=i g2 €unpo f d*X81A,,(X) 82A,(X)F .

(5.10

This agrees witH5,10]. It is also convenient to write the as

answer in terms of ordinary forms,
O01A(X) = 61A,(X)dX,,  GA(X)=8A,(X)dX,,

1
F(x)=5F

5 wrdX, A%,

e,lu/p(rd de X2d X3d X4: dXMd de Xpd X(r y

(5.1)

3
Z(8,A, 5,A,A) = *i %ff 81A(X) SAX)F (X).
(5.12

The generalization tal dimensiong10] for this Abelian
case is
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g2 maximize |[Jvo)+|v)[?. In the generic case the extremum
Z(01A,0,AA) =i d—j 51A(X) 62A(X) principle would guarantee compatibility of the BW phase
277(—— 1)! choice with symmetries in the sense analyzed in detdiBjn
on a case by case basis.
qF (di2)—1
><( (X). (5.13

2m

VII. DISCUSSION

The above equation indicates the following interpretation: Sections Il and IV present probably the simplest “deriva-
The torus we are working on is spanned by constant gaugéon” of anomalies (including their normalizationin any
fields in directions 1 and 2. The factqf/27 comes fromg?  lattice regularization. The geometric insight also produces a
monopoles. The rest of the gauge fields are picked to creaglean definition of covariant currents associated with global
constant minimal size magnetic fields through each one or local symmetries acting on the fermions. The separation
the planed3,4), (5,6), etc. This explains the appearance of of sources for Berry’s curvature into “monopoles” and the
the field strength to powerd(2)—1. Each field strength rest may provide the first step in establishing in principle the
comes multiplied by the chargeand divided by - because €existence of an “ideal” lattice overlap regularization for any
this is the basic quantum of flux. There aZ)—1 factors anomaly free gauge theory, chiral or not.
in all possible orders, but there should be only one, and this A potential example of an “ideal” lattice regularization
is fixed by the prefactor {(d/2)—1)!. Using Eq.(A4) and  might be obtained by replacirg+ y, W, in Eq. (A2) by the
the above analysis in four dimensions it should be easy téecently discussed fermionic actions[v] and use the new
check how this works out explicitly in> 4. Hamiltonians in Eq(A5) to define thgv)-line bundle. One

The setup of fields we employed is very similar to the onewould also need to exactly map the one dimensional line in
used in continuous Minkowski space by Nielsen and Ni-lattice action space followed by the marginally relevant non-
nomiya[22] to provide a simple interpretation for anomalies. linear flow associated with a fermion mass and use the
The main difference is in the first two dimensions: in theory with the negative mass sigassuming exact parity
Minkowski space one uses a real constant electric field whilénvariance for the pure gauge part of the actiand replace
here, in Euclidean space, we used only constant gauge p8? accordingly. At least naively, the above suggestion brings
tentials. This difference stems from anomalies in Euclidearthe lattice overlap “closest’(in the sense of violation of
space having to do exclusively with phases. conformal invarianceto a continuum overlap, and, if the

It would be instructive to see how much of the presentlatter were really defined outside perturbation theory, it
analysis can be reproduced in the non-Abelian case, wheghould work as an ideal regularization as long as the mass
one can employ constant gauge potentials in all directionparameter is perceived as infinite on physical scales. Of

This might also be useful to largé reduced models. course, more work is needed to test this suggestion.
Unfortunately, the definition of the Wilson-Dirac operator
VI. THE BRILLOUIN-WIGNER PHASE CHOICE we would use, as given |ﬁ24:|, is ImpIICIt, requiring the

solution of a complicated nonlinear RG recursion relation on
The Brillouin-Wigner (BW) phase choice is defined for an infinite lattice, since arbitrarily separated fermions even-
gauge configurations with a nondegeneratg, where, in  tually become coupledalbeit weakly. Only after the solu-
addition, (vo|lv)#0. |vg) is a carefully chosen state, typi- tion is obtained can we go to a finite lattice by factoring
cally the ground state of{ for the gauge background translations appropriately. It has not been proven yet that a
U,(x)=1 [3,19]. The phase of the overlap is fixed by re- unique solution to the recursion relation exists, and even if it
quiring (v|v) to be positive. does, it remains unclear whether the solution provides a ma-
Actually, an equally appropriate description of the phaserix whose entries are smoothly dependent on the arbitrary
choice would be as Pancharatnam'’s phase cHaige In the  link variables. For the considerations of this paper, a smooth
context of the Poincare representation of light polarizationsdependence of the Hamiltonian matrices on the group valued
two beamgA) and|B) were defined by Pancharatnam to be gauge fields is absolutely essential.
in phase if A|B)>0. He observed that |B) is in phase with It might be worthwhile to mention here that our four di-
|A) and |C) with |B) then|C) need not be in phase wifd).  mensional backgrounds, for any value of the mass parameter
This clearly reflects an underlying nonvanishing curvature. ltin the ranges we considered, can easily be deformédtie-
implies that we cannot arrange for &ll)’s to be in phase lian) configurations for which the associated Wilson-Dirac
with each other. operators have a pair of exact zero modes. The deformation
Berry [23] showed that iflA) was parallel transported to is obtained by introducing a parametemn the exponents of
|B) using Berry’s connection on the Poincaghere, along U3z 4(x) in Eq.(5.1) and reducingc from 1 towards zero. It is
the shortest geodesif) and|B) ended up in phase. If we guaranteed that this kind of special configurations will be
found a specific regularization that madAj=0 for a spe- encountered for some<0x<1, depending on the mass.
cific anomaly free theory we could arrange for|al)’s to be ~ These configurations have what would amount to a singular-
in phase and the BW phase condition would also have beeity in the continuum, and there is no reason to associate the
satisfied. fermion zero modes with four dimensional instantons. This
Note the related fact that the BW phase condition can benay be of interest to present day numerical QCD work.
defined from an extremum principle, namely, requiring to | feel that the geometric insight presented in this paper
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reveals one of the deeper aspects of the overlap formalism. Y4-3= 010010 03....010101
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)/d:0'2®1®1....®1®1®1
APPENDIX A

Based or{3], we know that the overlap for chiral fermi- Yd+1=03®101..019181
ons in everd dimensions, interacting with a gauge field in a = (—i)d2 (Ad)
compact groufs,, is defined as follows: On the lattice, the Y1vz---Yd-
chiral determinant is replaced at the regulated level by the )
overlap of two fermionic many-body states. These are thé-ach of the firsd rows hasd/2 two by two factors. Two

ground states of two bilinear Hamiltonians inequivalent representations of th&%2 ! Euclidean Weyl
matrices can be obtained by replacingypthe first “o; ®”
H*=a'H=*a, (A1) bylforu=1,.d-1and “c,®" by *i for u=d.

The overlapO is given by
with all indices suppressed. The matridds are obtained
from O=(vi|v-), H|ve)=Eqplvs). (A5)
H(M) = yg+1[B—m+y,W,] (A2)

O is the regularized expression for ). E ., denote
minimal energies which define the associated states, assum-
ing no degeneracies. The stdte, | becomes trivial with the
€hoiceH " =H (—0°). Choosing exactly one vector from
the set{e'®|v_), 0<®d=2} for each gauge background,
amounts to a “phase choice” fdD.

with H  =H(—), H"=H(mg) and 0<my<2. The infi-
nite argument foH ™" can be replaced by any finite positive
number, but the equations are somewhat simpler with th
above choic¢18,19,23. The matrice$V, andB=% B, are
given below:

1 y
(Wi = 5[0y x+2U u(X) — Sxy+ UL, APPENDIX B

The main purpose of this Appendix is to give a detailed
derivation of Eq.(2.14).
On the latticea replaces f,X,ij) where, for definiteness
" i. take Gg=SU(n) with i,j=1,..n. & labels a point in the
~ Oyl (A3)  spacell,, ,Gs. One value of¢ contains a complete descrip-
_ _ . tion of the gauge background, namei§—1 real numbers
Xy (X,=0,1,..L—1) are sites on the lattice amgl are color per link.
indices. The matricet, (x) are G link variables on the Let us denote the fermionic operaigyH(&) by R,(¢). It
lattice, associated with directiop and sitex. The v, are s defined by “
Euclidean Dirac matrices id dimensions. We choose the
following chiral basis, with alternating real symmetric and

1
(B,u)xi,yj = 2 [25xy1_ 5y,x+,}U M(X)

imaginary antisymmetric, matrices: H(E+68) —H(E)=R4(8) 08, (B1)
VI=01001007....00,R0,® 0 where 6¢, is an infinitesimal change in the gauge back-
ground, equivalent to 5U'}JL(X). Define the quantities
Vo=01®01001....0 010010, (6Ug);i(x) for a finite lattice gauge transformatiagy¥ (x):
- i () — yTik I lj
V3= 01001001....001Q 0 1Q 03 (8U9) ) (x) =g (x+ u) U (x)g" (x). (B2)
Y4=01001001....0018 0,01 The 5U';'(x) are restricted to am?—1 dimensional linear

real vector space per link by the linear requirement
V5=01Q01®00,....00,00301
ulsu,+sulU,=0. (B3)
’}/6:()'1®0'1®0'1....®0'2®1®1
Equation(B2) ensuresU? "sU% +sU% TU9=0 if Eq. (B3)
Y7=01®01®01....0 030181 holds. Equatior(B2) can be rewritten as

.................................................. (559)32(1)*1(9))&355&' (B4)
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This is the lattice equivalent to the variation of EQ.1).
Now,

H((E+86)9)—H(&9) =H(E%+ 69) —H(&9)
=R.(£9(5€9),
=R, (£9)(D"(9))pa0é5. (BE)
On the other hand,

PHYSICAL REVIEW D 59 085006

H((E+ 88)9) — H(£9) = GT(g)[ H(E9+ 5&%) — H(£9)]GY
=G (9)R4(£)G(g) 5¢5. (B6)

Comparing Eq(B5) and Eq.(B6) gives, on account of the
arbitrariness o¢,,,

R.(£9)=(D(9)).5G"(9)R4(£)G(Q).
This is Eq.(2.14).
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